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1. Introduction
In this paper let G be a ﬁnite group and τ ∈ G be of order three. Set H1 = NG(〈τ 〉) and as-
sume that O 3(H1) is an extraspecial group of order 311 and exponent 3, H1/O 3(H1) ∼= U5(2) : 2
and CX (O 3(H1)) = Z(O 3(H1)). Let U  O 2(H1) be an elementary abelian group of order 16 such that
N(H1)(U )O 3(H1)/O 3(H1) is an extension of a special group of order 2
8 with center U O 3(H1)/O 3(H1)
by (3× A5).2.
In this paper we shall prove the following theorem.
Theorem 1.1. Assume that 〈τ 〉 is not weakly closed in CH1 (A) with respect to CG(A) for some subgroups A
of U of order 4 such that all involutions in A are non-2-central involutions in H1 . Then G is isomorphic to
Fischer’s group, Fi′24 .
As a consequence we will prove the following corollary.
Corollary 1.2. Let D be a ﬁnite group and S ∈ Syl3(D). Let D1 and D2 be two subgroups of D containing S
such that:
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U5(2) : 2 and CD1 (O 3(D1)) = Z(O 3(D1)).
(ii) O 3(D2) is an elementary abelian group of order 37 and D2/O 3(D2) ∼= Ω7(3) with natural action.
(iii) D1 ∩ D2 = ND2 (Z(O 3(D1))).
Then D is isomorphic to Fi′24 .
Corollary 1.2 has application in the ongoing project of Meierfrankenfeld, Stellmacher and Stroth
to classify the groups of local characteristic p (see [MS] and [MSS]). Also Corollary 1.2 has played a
crucial role in [SS] for identifying the Monster group from two of its 3-locals.
Throughout this article all the groups are ﬁnite. We have used the Atlas [AT] notation for group
extensions and simple groups, except for orthogonal groups and symplectic groups. By [AT] notation
we use of notation Ωn (q) and PSpn(q) instead of O

n(q) and Sn(q), respectively. We use [Ro] for
information on Mathieu groups. The other notation follows [As1]. O (G) is the largest normal subgroup
of G of odd order. Let p be a prime, a p-element x of the group G is called p-central, if CG(x) contains
a Sylow p-subgroup of G and if CG(x) does not contain a Sylow p-subgroup of G , we say that x is
non-p-central. Let X be a ﬁnite group and Y and Z be two subgroups or two elements of X , then by
CX (Y , Z) we mean CX (Y )∩CX (Z). For a p-group P , J (P ) is the Thompson subgroup of P (see [As1] for
deﬁnition of the Thompson subgroup). We denote by p1+2n and pm+2n (m 2) an extraspecial group
of order p1+2n and a special group of order pm+2n with center of order pm , respectively. Let V be a
vector space, P (V ) be the set of 1-dimensional subspaces of V . We say that H has shape A.B.C . · · · .Z
when H has a normal series with factors of shape A, B,C, . . . , Z . Let T  T1  H be groups, then T is
called weakly closed in T1 with respect to H , if T h  T1 for some h ∈ H , then h ∈ NH (T ).
This article is set out as follows: In Section 2 we give some preliminary lemmas which are needed
in the next sections. In Section 3 we will select a suitable non-2-central involution z in O 2(H1)
and we shall show that CG(z) ∼= 2Fi22 : 2. Then in Section 4 we will select an elementary abelian
subgroup M of order 211 in CG(z) and we shall determine the structure of NG(M). This will enable
us to use [Re, Lemma 9] to ﬁnd the structure of the centralizer of a 2-central involution in G and the
main result will follow from [As2, Theorem 34.1].
2. Preliminaries
In this section we give some lemmas which are required in the next sections.
Lemma 2.1. (See [GLS, Theorem 10.5].) Let p be odd and P be an extraspecial p-group of order p1+2n and
exponent p. Then:
(i) P/Z(P ) is a 2n-dimensional symplectic space over GF(p).
(ii) Aut(P )/Inn(P ) ∼= GSp2n(p) : 2.
Remark. Let X1 = Aut(U5(2)) and X = X ′1. By [AT, page 73], if x ∈ X is an element of order three in
class 3A, then NX (〈x〉)/〈x〉U4(2). So x is not inverted in X . But x is inverted in Aut(X) and NAut(X)(〈x〉)
has shape (3 × U4(2)) : 2. This and [AT, page 73] give us that Aut(X) has one class of subgroups
isomorphic to (3× U4(2)) : 2.
The next lemma follows from [AT, page 73].
Lemma 2.2. Let X1 ∼= Aut(U5(2)) and X = X ′1 , then:
(i) X has two classes 2A and 2B of involutions. For x ∈ 2A, x is a 2-central involution, O 3(CX (x)) = 1 and
CX (x) has shape 21+6.31+2.SL2(3). For x ∈ 2B, C X (x) has shape 24+4 : 32.2.
(ii) There is an elementary abelian subgroup Y of order 16 in X such that NX (Y )/O 2(NX (Y )) ∼= 3× A5 and
O 2(NX (Y )) is a special group of order 28 with center Y . Under the action of NX (Y )/O 2(NX (Y )) on P (Y )
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The elements of I1 are 2-central and the elements of I2 are non-2-central. Furthermore for an element
〈x〉 ∈ I2 we have CX (x) = CNX (Y )(x) and O 3(NX (Y )) = 1.
(iii) Let I1 and I2 be as in (ii) and 〈x〉 ∈ I2 and x = x1x2 , where 〈x1〉 and 〈x2〉 are two distinct elements from
the orbit I1 . Then for i = 1,2, C X (x, xi) is of index 2 in CX (x) and contains O 2,3(CX (x)).
(iv) Let Y , I1 and I2 be as in (ii). Then there is an elementary abelian subgroups A of order 4 in Y such
that P (A) ⊆ I2 . If 〈x1x2〉 ∈ I2 ∩ P (A), where 〈x1〉 and 〈x2〉 are two distinct elements from the orbit I1 ,
then P (A) = {〈x1x2〉, 〈x3x1〉, 〈x3x2〉}, where x1 	= x3 	= x2 and 〈x3〉 ∈ I1 and CX (A) = CX (x1, x2, x3) =
CX (Y , A). Further all such subgroups of Y are conjugate in NAut(X)(Y ).
(v) Let A be as in (iv), then O 2(CX (A)) = O 2(NX (Y )), C X (A) NX (Y ) and CX (A)/O 2(CX (A)) is of order
three. Also CX1 (A)/O 2(CX (A)) ∼= S3 . Further O 3(CX1 (A)/O 2(CX (A))) acts trivially on Z(O 2(CX (A)))
and acts ﬁxed point freely on O 2(CX (A))/Z(O 2(CX (A))).
(vi) Let Y be as in (ii). Then there is a subgroup F with shape (3 × U4(2)) : 2 in X1 containing Y . Further
X1 has one class of subgroups isomorphic to F .
(vii) By notation in (ii), there is no subgroup B of order 8 in Y such that P (B) ⊂ I2 .
Proof. (i) follows from [AT, page 73]. Let X1 = Aut(U5(2)) and X = X ′1. By [AT, page 73], we
get that X has an elementary abelian subgroup Y of order 16 such that O 2(NX (Y )) is a special
group of order 28 with center Y , NX (Y )/O 2(NX (Y )) ∼= 3 × A5 and the extension splits. Further,
CX (Y )/O 2(NX (Y )) is of order 3, CX (Y )/O 2(NX (Y )) acts ﬁxed point freely on O 2(NX (Y ))/Y . We note
that if CX (Y )/O 2(NX (Y )) does not act ﬁxed point freely on O 2(NX (Y ))/Y , then we get that a Sy-
low 2-subgroup of X centralizes a subgroup of order three, which gives us that CX (O 2(CX (x))) 
O 2(CX (x)) for x in class 2A, a contradiction to (i). We have that Y centralizes an element u of or-
der three in X and CX (u) contains a subgroup isomorphic to A5 as well. Now by [AT, page 73],
we get that CX (u) has shape 3 × U4(2). Set F = CX (u), then F contains Y . Also u is conjugate
to u−1 in X1. So by [AT, page 73], we get that X1 has one class of subgroups isomorphic to
NX1 (〈u〉) ∼= F : 2 and CX1 (u) = F . We note that O 3(NX (Y )) = 1. Set K = NX (Y )/O 2,3(NX (Y )). By [AT,
page 73], K has two orbits I1 and I2 on P (Y ) such that |I1| = 5, |I2| = 10 and K is 3-transitive
on I1. The elements of I1 are 2-central and the elements of I2 are non-2-central in X . We have
I1 = {〈x1〉, 〈x2〉, 〈x3〉, 〈x4〉, 〈x5〉 where x5 = x1x2x3x4} and I2 = {〈xix j〉 where 〈xi〉 and 〈x j〉 are two dis-
tinct elements from the orbit I1}. Now by the representations of the elements in the orbits I1 and I2,
we get that there is no subgroup T of order 8 in Y such that P (T ) ⊂ I2. Let A  Y be of order 4
such that P (A) = {〈x1x2〉, 〈x3x1〉, 〈x3x2〉}. Then by the representations of the elements in the orbits
I1 and I2, we get that P (A) ⊆ I2. From the natural action of K on I1 we get that CK (x1x2, x2) and
CK (x1x2, x1) are of index 2 in CK (x1x2). Therefore CK (A) = CK (x1, x2, x3). By (i) and as 〈x1x2〉 ∈ I2,
we have CX (x1x2) = CNX (Y )(x1x2). This gives us that CX (x1, x2, x3) = CX (Y ). By [AT, page 73],
NX1 (Y )/O 2(CX (Y )) ∼= (3 × A5) : 2. So NX1 (Y )/CX (Y ) ∼= S5 and CX1 (x1, x2, x3)/O 2(CX (Y )) ∼= S3. Let
B  Y be of order 4 and P (B) ⊂ I2. Then by the representations of the elements in the orbits I1
and I2, we get that if xix j ∈ B where 〈xi〉 and 〈x j〉 are two distinct elements from the orbit I1, then
B = 〈xix j, xixr〉 where xi 	= xr 	= x j and 〈xr〉 ∈ I1. Since NX1(Y )/CX (Y ) ∼= S5 acts 5-transitively on I1,
we get that B is conjugate to A in NX1(Y ) and the lemma is proved. 
The next theorem is well known (see for example [As1, Theorem 37.6]).
Theorem 2.3. Suppose that p is a prime, X is a ﬁnite group, P ∈ Sylp(X). Let x, y ∈ Z( J (P )) be X-conjugate.
Then x and y are NX ( J (P ))-conjugate.
Lemma 2.4. Let X ∼= U4(2). Then there is an elementary abelian subgroup Y of order 16 in X with
NX (Y )/Y ∼= A5 . Also there is a subgroup A in Y of order four all of whose involutions are non-2-central
in X. We have CAut(X)(A) is an extension of Y by a group of order 2 and it is nonabelian. Further, X has one
class of subgroups isomorphic to NX (Y ).
Proof. Let X1 = Aut(X). By [AT, page 26], X has an elementary abelian subgroup Y of order 16
with NX (Y )/Y ∼= A5 and NX1(Y )/Y ∼= S5. Further, by [AT, page 26], we conclude that NX (Y ) is a
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NX (Y )/Y has two orbits I1 and I2 on P (Y ) such that |I1| = 5, |I2| = 10 and NX (Y )/Y is 3-transitive
on I1. The elements of I1 are 2-central and the elements of I2 are non-2-central in X . This gives
us that I1 = {〈x1〉, 〈x2〉, 〈x3〉, 〈x4〉, 〈x1x2x3x4〉} and I2 = {〈xix j〉, 〈xix jxr〉 where i 	= j 	= r, i = 1, . . . ,4,
j = 1, . . . ,4, r = 1, . . . ,4 and 〈xi〉, 〈x j〉 and 〈xr〉 are in I1}. By the representations of the elements
in the orbits I1 and I2, we get that there is an elementary abelian subgroup A of order 4 in Y
such that P (A) ⊆ I2. Further, if 〈x1x2〉 ∈ I2 ∩ P (A), where 〈x1〉 and 〈x2〉 are two distinct elements
from the orbit I1, then P (A) = {〈x1x2〉, 〈x3x1〉, 〈x3x2〉}, where x1 	= x3 	= x2 and 〈x3〉 ∈ I1. By [AT,
page 26], CX (x1x2)  CNX (Y )(x1x2) and CX1 (x1x2)  CNX1 (Y )(x1x2). Therefore from the natural action
of NX (Y )/Y and NX1(Y )/Y on I1 we get that CX (A) = Y and CX1 (A)/Y is of order 2 and the lemma
holds. 
Lemma 2.5. Let X ∼= Ω7(3). Then X has 3 classes 2A, 2B and 2C of involutions. Further:
(i) If x ∈ 2A then CX (x) ∼= 2.PSΩ−6 (3).
(ii) If x ∈ 2B then CX (x) has shape (22 × Ω5(3)) : 2.
(iii) If x ∈ 2C then CX (x) has shape S4 × 2(A4 × A4) : 2.
(iv) There is no elementary abelian subgroup A of order 4 in X such that CX (A) contains an elementary
abelian group of order 16, |CX (A)|2 = 32 and a Sylow 2-subgroup of C X (A) is nonabelian.
Proof. (i), (ii) and (iii) follow from [AT, page 106]. Let X ∼= Ω7(3) and A = 〈x, y〉 X be an elementary
abelian subgroup of order 4 such that CX (A) contains an elementary abelian group of order 16,
|CX (A)|2 = 32 and a Sylow 2-subgroup of CX (A) is nonabelian. Assume that x ∈ 2A, then by (i),
W = CX (x)/〈x〉 ∼= U4(3) : 2. We note that by [AT, pages 52 and 53], we get that the order of a Sylow
2-subgroup of the centralizer of each involution in U4(3) is at least 32. So A ∩ O 2(CG (x)) = 〈x〉.
By [AT, pages 106 and 52], we get that there is an involution e ∈ W such that W = O 2(W )〈e〉 and
CW (e)
∼= U4(2) × 2. So |CX (A)|2  26. Hence x /∈ 2A. Assume that x ∈ 2C . Then by (iii), CX (x) = F × Y
where F ∼= S4 and Y ∼= 2(A4 × A4) : 2. We note that x ∈ Y . If A∩ F 	= 1 then we get that |CX (A)|2  26.
Hence A ∩ F = 1. Let A  Y then F  CX (A) and from the structure of Y we get that |CY (A)|2  23.
This gives us that A ∩ Y = 〈x〉. Now let y = f e where 1 	= f ∈ F and 1 	= e ∈ Y . We refer the reader
to [Par, Theorem D] for the structure of CX (x). In fact CX (x) = (K1  K2 × K3)〈u, t〉, where 〈u, t〉 is an
elementary abelian group of order 4, K1 ∼= K2 ∼= SL2(3), K3 ∼= A4, Kt1 = K2, [K3, t] = 1 and K1  K2 is
the central product of K1 and K2. Now from the structures of F and Y we get that |CF ( f )| 4 and
|CY (e)| 16. This gives us that x /∈ 2C . Assume that x ∈ 2B . Then from the structure of CX (x) in (ii)
and as the order of a Sylow 2-subgroup of the centralizer of each involution in U4(2) is at least 25
(see [AT, pages 26 and 27]), we get that y /∈ CX (x), a contradiction. Hence x /∈ 2B and the lemma is
proved. 
Lemma 2.6. Let X ∼= Fi22 . Then:
(i) There is an elementary abelian subgroup A of order 9 in X all of whose elements of order three are 3-
central elements in X.
(ii) X has an elementary abelian subgroup N of order 210 such that NX (N)/N ∼= M22 . Further for T ∈
Syl2(NX (N)) we have N = J (T ).
Proof. By [As2, Lemma 39.4], we get that there is an elementary abelian subgroup Y of order 35
in X such that NX (Y )/Y ∼= O 5(3). By [As2, Lemmas 39.3(ii) and 39.6], we get that under the action of
NX (Y )/Y on P (Y ) the singular points are 3-central elements in X . Since there is a singular line in Y ,
we get that there is a subgroup A of order 9 in X all of whose elements of order three are 3-central
elements in X and (i) is proved.
By [As2, Lemma 25.7], we get that X has an elementary abelian subgroup N of order 210 such
that NX (N)/N ∼= M22. Let t ∈ N be a 3-transposition, then by [As2, Lemma 37.6], we get that
CX (t) ∼= 2U6(2). Further, by [As2, Lemmas 30.1 and 30.3], we get that NCX (t)(N)/N ∼= L3(4) and for
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that CN (P ) is of order 4. Let NX (N) = NX (N)/N and k ∈ NX (N) be an involution. Then since M22 has
just one class of involutions (see [AT, page 39]), we may assume that k ∈ NCX (t)(N). Since L3(4)
has one class of involutions and there is an involution in NCX (t)(N)/N ∼= L3(4) which inverts P ,
we may assume that k inverts P . This gives us that |[k,N]| = 24 and so |CN (k)| = 26. Now let
T ∈ Syl2(NX (N)) which contains S . Let E 	= N be an elementary abelian subgroup in T of order 210.
Then as |CN (k)| = 26, M22 has one class of involutions and the 2-rank of M22 is 4, we conclude that
|E ∩ N| = 26. This gives us that there is an elementary abelian subgroup K of order 16 in X = X/N
such that CN (K ) is of order 26. We may assume that k ∈ K . Then E ∩ N = CN (k) and so contains t .
This gives us that N and E are two elementary abelian subgroups of order 210 in CX (t). So N = E
by [As2, Lemma 30.3] and the lemma is proved. 
We need the following characterization for the group Fi22 by Davis and Solomon [DS, Theorem 3.1].
Theorem 2.7. Let G be a ﬁnite group with F ∗(G) simple having a standard subgroup L with |Z(L)| even and
L/Z(L) ∼= U6(2). Then G is isomorphic to Fi22 or to Aut(Fi22).
3. The centralizer of a non-2-central involution
In this section we select a non-2-central involution z in O 2(H1) and we will determine the struc-
ture of CG(z).
Notations. By Lemma 2.2(ii), U contains some 2-central involutions and some non-2-central involu-
tions of O 2(H1). In fact by Lemma 2.2(ii), we get that if a and d are two distinct involutions in U such
that d and a are two 2-central involutions in O 2(H1), then ad is a non-2-central involution in O 2(H1).
We keep these notations a and d in the remainder of this paper. Set z = ad and R = O 3(H1).
We are going to show that CG(z) has shape 2.Fi22 : 2. To do this we will select a suitable involution
t ∈ U and we shall show that CG(z, t, τ )/〈z〉 satisﬁes the conditions of Theorem 1 in [Pa] and so
CG (z, t)/〈z, t〉 ∼= U6(2) by [Pa, Theorem 1]. This will help us to invoke Theorem 2.7 to show that
CG (z) is as desired. We remark that O 2(H1) is a subgroup of CG (τ ).
Lemma 3.1.
(i) CR(z) is an extraspecial group of order 37 .
(ii) CR(d) is an extraspecial group of order 27.
(iii) CR(U ) = Z(R).
Proof. We have O 2(H1)/R ∼= U5(2). Set ̂K = NO 2(H1)/R(U R/R) and let ̂P = O 2(̂K ). Then by
Lemma 2.2(ii), ̂U = Z(̂P ) and ̂K/̂P ∼= 3 × A5. Set ˜X = ̂K/̂P . By Lemma 2.2(ii), we get that ˜X has
two orbits I1 and I2 on P (̂U ) such that |I1| = 5, ˜X is 3-transitive on I1 and the elements in the
orbit I1 are 2-central in CG(τ )R/R , |I2| = 10 and the elements in I2 are non-2-central involutions
in CG(τ )R/R . Let I1 = {〈̂x1〉, 〈̂x2〉, . . . , 〈̂x5〉}, ̂U = 〈̂x1, x̂2, x̂3, x̂4〉 and x̂5 = x̂1 x̂2 x̂3 x̂4. Then I2 = {〈̂xi x̂ j〉,
for i 	= j and i, j = 1, . . . ,5}. Set ̂W = 〈̂x2, x̂3, x̂1〉 and R = R/Z(R). As ˜X is 3-transitive on I1 so
there are 10 subgroups conjugate to ̂W in ̂U . Therefore ˜X has two orbits L and I on the set of
hyperplanes in ̂U such that |L| = 10, ̂W ∈ L and |I| = 5. By Lemma 2.1(i), R is a 10-dimensional sym-
plectic space. Let {vi,wi}, i = 1, . . . ,5 be a symplectic base for R . If [vi, x̂ j] = 1 for some i = 1, . . . ,5
and j = 1, . . . ,5, then [wi, x̂ j] = 1. So |CR (̂x j)| = 32α , α  0, j = 1, . . . ,5, |CR(̂U )| = 32γ , γ  0 and
|CR(̂W )| = 32β , β  0. Now by coprime action and as |L| = 10, we get that 310 = |R| (32β)10. This
gives us that |CR(̂W )| = 1 and at least (iii) holds. Since |I| = 5 and |CR(̂W )| = 1 we get that for
̂W1 ∈ I we have that |CR(̂W1)| = 27. We remark that if CR (̂x1) = Z(R) then x̂1 x̂2 centralizes R which
is a contradiction. Therefore |CR(d)|  27. Set T = [R,d]. Then T is CH1/R(d)-invariant. Since dR is
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1+6.31+2.SL2(3).2.
But by [AT, page 112], we get that there is no subgroup isomorphic to CH1/R(d) in PSp6(3) : 2
and GSp6(3). Therefore |T |  38. This gives us that |CR(d)| = 33 and (ii) holds. By [AT, page 73],
CH1/R(d) is a maximal subgroup of H1/R . Therefore CR(〈̂x1, x̂2〉) = 1. Now by coprime action, we
have 310 = |R| = |CR (̂x1)||CR (̂x2)||CR (̂x1 x̂2)| = 34|CR (̂x1 x̂2)|. Hence |CR (̂x1 x̂2)| = 36 and (i) holds. Now
the lemma is proved. 
Lemma 3.2.
(i) O 3(CH1 (z)) = CR(z), O 2(CH1 (z)/CR(z)) is a special group of order 28 , Z(O 2(CH1 (z)/CR(z))) =
UCR(z)/CR(z) and CH1 (z)/O 3,2(CH1 (z)) is an extension of an elementary abelian group of order 9 by a
group of order 4. Further CH1 (z) contains a Sylow 3-subgroup of CG (z).
(ii) O 3,2(CG (τ ,d)) is an extension of an extraspecial group of order 27 by an extraspecial group of order 27
and CG(d, τ )/O 3,2(CG(τ ,d)) is an extension of an extraspecial group of order 27 by SL2(3).
(iii) O 3′ (CH1 (z)) = 〈z〉.
(iv) 〈τ 〉 is the center of a Sylow 3-subgroup of CG(z).
Proof. We have H1 = NG(〈τ 〉) and by Lemma 3.1(i), (ii), CR(z) is an extraspecial group of order 37
and CR(d) is an extraspecial group of order 27. By Lemma 2.2(ii), we have O 3(CH1 (z)/CR(z)) = 1. This
gives us that CR(z) = O 3(CH1 (z)) and 〈τ 〉 is the unique Sylow 3-subgroup of CG (CR(z)). So 〈τ 〉 is the
center of each Sylow 3-subgroup of CH1 (z). Therefore CH1 (z) contains a Sylow 3-subgroup of CG(z).
Now since dR is a 2-central involution and zR is a non-2-central involution in CG(τ )/R , so (i) and (ii)
follow from Lemma 2.2(i). By (i), if 〈z〉 < O 3′(CH1 (z)) then |O 2(CH1 (z)) ∩ U |  4. This gives us that
there is a subgroup B in U of order 4 such that |CR(B)| 37. This and Lemma 3.1(i), (ii) give us that
all involutions in B are non-2-central in H1 and by Lemma 2.2(ii) they are conjugate in NH1(U )R/R .
Since by Lemma 2.2(ii), CH1 (z)R/R is a maximal subgroup of NH1 (U )R/R , we get that CR(z) CR(U ),
a contradiction to Lemma 3.1(iii). Therefore O 3′ (CH1 (z)) = 〈z〉 and the lemma is proved. 
Further notations. By Lemma 2.2(iv), there is a subgroup A  U of order 4 containing z such that
all involutions in A are non-2-central in O 2(H1). Further A = 〈z,ab〉 where b is conjugate to d
in NO 2(H1)(U ). We ﬁx the notation A for such a subgroup of U . Set t = ab.
Lemma 3.3.
(i) CR(A) is an extraspecial group of order 35 and O 3(CH1 (A)) = CR(A).
(ii) O 2(CH1 (A)/CR(A)A) ∼= Q 8 × Q 8 and CH1 (A)/O 3,2(CH1 (A)) ∼= S3 .
(iii) 〈τ 〉 is the center of a Sylow 3-subgroup of CH1 (A) and CH1 (A) contains a Sylow 3-subgroup of CG(A).
(iv) O 2(CH1 (A)) = A.
Proof. Set X = CH1 (A)R/R . Then by Lemma 2.2(ii), (v), we get that O 3(X) = 1 and O 2(X)/A is a
group of order 26 with center of order at least 4. Further by Lemma 2.2(v), X/O 2(X) ∼= S3 and
O 3(X/O 2(X)) acts trivially on Z(O 2(X)) and acts ﬁxed point freely on O 2(X)/Z(O 2(X)). Assume
that CR(A) is an extraspecial group of order 35. By Lemma 2.2(v), we get that O 2(CH1 (A)R/R) is a
special group with center U R/R . So if O 2(CH1 (A)) 	= A then we get that A < O 2(CH1 (A)) ∩ U . This
gives us that there is a subgroup B in U of order 8 such that |CR(B)| 35. This and Lemma 3.1(i), (ii)
give us that all involutions in B are non-2-central in H1, a contradiction to Lemma 2.2(vii). So
O 2(CH1 (A)) = A. Now as CR(A) is an extraspecial group of order 35 by Lemma 2.1(ii), we get that
CH1 (A)/CR(A)A is isomorphic to a subgroup of Sp4(3) : 2. This and as O 2(X)/A is a group of order 26
with center of order at least 4, X/O 2(X) ∼= S3 and acts ﬁxed point freely on O 2(X)/Z(O 2(X)) give us
that O 2(CH1 (A)/〈CR(A), A〉) ∼= Q 8× Q 8. Further as 〈τ 〉 is the center of a Sylow 3-subgroup of CH1 (A),
we get that CH1 (A) contains a Sylow 3-subgroup of CG (A) and the lemma is proved. So it is enough
to show that CR(A) is an extraspecial group of order 35.
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for some α  0 and α + β = 5. Since all involutions in AR/R are conjugate in H1/R , we get by
coprime action that |˜K | = 33γ for some γ  0. We note that by Lemma 3.1(i), we have that β  3 and
so α 	= 0. Now we have 310  |˜K | = 32α = 33γ which gives us that α = 3 and γ = 2. Hence CR(A) is
an extraspecial group of order 35 and the lemma is proved. 
Lemma 3.4.
(i) CG (A)/A ∼= U6(2) and the extension does not split.
(ii) CG (z)/〈z〉 ∼= Aut(Fi22) and z ∈ CG(z)′ .
Proof. Set X = CH1 (A)/A. By Lemma 3.3(i), (ii), X/O 3,2(X) ∼= S3 and O 3,2(X) is an extension of an ex-
traspecial group of order 35 by Q 8× Q 8. By Lemma 3.3(iv), we have that O 2(X) = 1. By Lemma 2.2(v),
we get that there is an element x ∈ CH1 (A) such that x2 ∈ CH1 (U ) and x does not act trivially on U/A.
By this and the structure of X , we get that Z(O 2(X/O 3(X))) is of order 2. Therefore U = 〈 f , g〉
where x switch f to g and so CO 3(X)( f ) ∼= CO 3(X)(g) are extraspecial groups of order 27 and x
switch CO 3(X)( f ) to CO 3(X)(g). Therefore O 3(X)/Z(O 3(X)) is an irreducible X/O 3(X)-module. By
Lemma 2.2(iv), each subgroup of U of order 4 such that all of whose involutions are non-2-central in-
volutions in H1, is conjugate to A in H1. So, by the assumption of Theorem 1.1, τ is not weakly closed
in CH1 (A). Therefore by Lemma 3.3(i), (ii), (iii) and [Pa, Theorem 1], we get that CG(A)/A ∼= U6(2).
Since O 2(CH1 (A)/CR(A)) is a special group of order 2
8, we conclude that A  CG(A)′ and hence
CG (A) is a quasisimple group and (i) holds.
Set ˜M = CG(z)/〈z〉. By (i), F (C˜M(˜t)) ∼= 2U6(2). Assume that F (˜M) is simple. Then by Theorem 2.7,
we get that ˜M ∼= Fi22 or ˜M ∼= Fi22 : 2. By Lemma 3.2(i), CH1 (z) is the centralizer of a 3-central element
in CG(z). So by Lemma 3.2(i) and [AT, page 163], we get that ˜M is not isomorphic to Fi22. Therefore
˜M ∼= Fi22 : 2. By Lemma 3.2(i), we get that z ∈ CG(z)′ . Therefore CG(z) has shape 2Fi22 : 2 and the
lemma is proved. Hence it is enough to show that F (˜M) is a nonabelian simple group.
Set N = ˜M/O 3′ (˜M). Then 3||N| and O 3′ (N) = 1. Hence 3||K |, where K is a minimal normal sub-
group of N . Then by Lemma 3.2(i), we get that τ ∈ K . Therefore by (i), τ ∈ K ∩ F (CM(t)). Hence
F (CM(t)) K . This gives us that K is a nonabelian group and as F (CM(t)) K we get that K ∼= Fi22.
Therefore K = F (N). By Lemma 2.6, there is an elementary abelian subgroup of order 9 in F (N) all
of whose elements of order three are conjugate to τ . Now by Lemma 3.2(iii) and coprime action, we
get that O 3′ (˜M) = 1. Hence F (˜M) ∼= Fi22 and the lemma is proved. 
4. Proof of Theorem 1.1 and Corollary 1.2
In this section we shall prove Theorem 1.1 and Corollary 1.2. First we recall our last notations.
• R = O 3(H1). U  O 2(H1) is an elementary abelian group of order 16, a and d are two distinct
involutions in U such that d and a are two 2-central involutions in O 2(H1) and z = ad is a
non-2-central involution in O 2(H1).
• A = 〈z, t〉 is a subgroup of U of order 4 such that all involutions in A are conjugate in NH1 (U )
and t = ab, where b is conjugate to d in NH1 (U ).
Lemma 4.1. There is an elementary abelian subgroup M of order 211 in CG(z) containing A and d such that
NCG (z)(M)/M ∼= M22 : 2 and CG(M, z) = M.
Proof. By Lemma 3.4(ii), we have CG(z) has shape 2Fi22 : 2. By [As2, Lemma 23.8], the preimage
of an involution of Fi22 is an involution in 2Fi22. By [AT, page 163], we conclude that there is an
elementary abelian subgroup of order 210 in Fi22. Therefore by [AT, page 163], we get that there is
an elementary abelian subgroup M of order 211 in CG(z) containing A such that NCG (z)(M)/M ∼=
Fi22 : 2 and CG(M, z) = M . By Lemma 3.4(i), we have CG(A)/A ∼= U6(2). By [AT, page 115], we get
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Therefore we may assume that d ∈ M and the lemma is proved. 
Further notations. By Lemma 4.1, we get that there is an elementary abelian subgroup M of or-
der 211 in CG(z) containing A and d such that NCG (z)(M)/M ∼= M22 : 2 and CCG (z)(M) = M . We ﬁx the
notation M for such a subgroup of CG(z).
Lemma 4.2.
(i) NG(M)/M ∼= M24 .
(ii) NG(M)/M has two orbits of lengths 276 and 1771 on P (M). Further the orbit containing 〈z〉 has
length 276 and the orbit containing 〈d〉 has length 1771.
Proof. Since z ∈ M and CG(z,M) = M so CG(M) = M . Therefore NG(M)/M is isomorphic to a sub-
group of GL11(2). We have NCG (z)(M)/M ∼= M22 : 2. Set X = NCG (z)(M)/M , F = O 2(X) and Y =
NG(M)/M . By Lemma 3.4(ii) and [AT, page 163], we have NCG (z)(A)/A ∼= U6(2).2. So by Lemma 3.4(i)
and [AT, page 115], CX (A)
∼= L3(4) and NX (A) ∼= L3(4) : 2. This gives us that t and zt are con-
jugate under the action of X and they are not conjugate under the action of F . In fact under
the action of F on P (M) the orbit containing 〈t〉 is of length 22. Let N2 be the orbit of F on
P (M) containing 〈t〉, then F acts 3-transitively on N2. Therefore F has 7 orbits Ni , i = 1, . . . ,7, on
P (M) such that |N2| = |N7| = 22, |N3| = |N6| = 231 and |N4| = |N5| = 770 and N1 = {〈zF 〉}. Fur-
ther N2 = {〈t F 〉}, N3 = {〈(tt1)F 〉, where t1 	= t and 〈t1〉 ∈ N2}, N4 = {〈(tt1t2)F 〉, where ti 	= t , i = 1,2,
t1 	= t2 and 〈ti〉 ∈ N2, i = 1,2} and N9− j = {〈(zx)F 〉, where 〈x〉 ∈ N j}, j = 2,3,4. We note that F
acts 3-transitively on N2 and N7. We note that t and zt are conjugate under the action of X .
Hence as M22 is a {2,3,5,7,11}-group either X has ﬁve orbits Li , i = 1, . . . ,5, on P (M) such that
L1 = {〈z〉}, |L2| = 44, |L3| = |L4| = 231 and |L5| = 1540 or X has six orbits Li , i = 1, . . . ,6, on P (M)
such that L1 = {〈z〉}, |L2| = 44, |L3| = |L4| = 231 and |L5| = |L6| = 770. Let S ∈ Syl2(NCG (z)(M)),
then by [As2, Lemma 31.3], we get that M = J (S). So as t is conjugate to z in H1 and by The-
orem 2.3, we get that Y 	= X . We note that by Lemma 3.2(ii), Lemma 3.4(ii) and [AT, page 163],
we get that d is not conjugate to z in G . So Y is not transitive on P (M). Since GL11(2) is a
{2,3,5,7,11,17,23,31,73,89,127}-group we conclude that the orbit of Y on P (M) containing 〈z〉
has length 1 + 44 or 1+ 231 + 44. Assume that |{〈z〉Y }| = 45. Set I = {〈z〉Y }. We have CY (A) ∼= L3(4)
and by [As2, Lemma 30.2] under the action of CY (A) on P (M) we have 15 orbits Vi , i = 1, . . . ,15
such that |V1| = 1 = |V2| = |V3|, |V4| = 21 = |V7| = |V8| = |V9|, |V5| = 210 = |V10| = |V11| = |V12|
and |V6| = 280 = |V13| = |V14| = |V15|. Since NX (A) ∼= L3(4) : 2 and all involutions in A are conju-
gate, therefore NY (A)/CY (A)
∼= S3. Set β = {V4, V7, V8, V9} and Iβ = {x ∈ β; x ⊆ I}. Since |I| = 45,
we get |Iβ | = 2. But Iβ is NY (A)/CY (A)-invariant and hence |Iβ |  3, a contradiction. This contra-
diction shows that the orbit of Y on P (M) containing 〈z〉 has length 1 + 231 + 44 = 276 and hence
|Y | = |M24|.
We have that |I| = 276 and N2 ∪ N7 ⊂ I . Also one of the orbits N3 or N6 is contained in I . We
note that 11 does not divide the order of GL9(2), so CM(F ) = 〈z〉. Since |I| = 276 so three of the
orbits Vi , i = 4,7,8,9 are contained in N2 ∪ N7 ∪ Ni ⊂ I where Ni is one of the orbits N3 and N6.
We may assume that V4, V7 and V8 are contained in I . Let y and x be two elements in NY (A)
such that zy = t and zx = zt , y2 ∈ CY (A), x2 ∈ CY (A) and NY (A) = CY (A)〈y, x〉. Then as I is an orbit
of Y we get that 〈y, x〉 acts on the set {V4, V7, V8}. This gives that V yi = Vi and V xj = V j , i 	= j for
some i, j = 4,7,8. We may choose notations such that V y4 = V4 and V x7 = V7. At least one of the
orbits V4 and V7 are contained in N2 ∪ N7. Now by considering the conjugations in NY (A), we may
assume that V4 ⊂ N2 ∪ N7. Assume that V4 ⊂ N7. Set D = 〈F , y〉. Then as N7 = V4 ∪ {〈zt〉} we get
that N7 is D-invariant. We note that CF (zt) contains CY (A)
∼= L3(4). Since |N7| = 22 we get that
|D| = 22|CD(zt)|. We note that zt is conjugate to z under the action of Y , so CY (zt) ∼= M22 : 2. As 112
does not divide the order of Y and L3(4) is a maximal subgroup in M22 (see [AT, page 39]) we get
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y centralizes z, a contradiction. Therefore V4 ⊂ N2. Set W = {〈z〉} ∪ N2. Then W is an orbit of D on
P (M) of length 23. Further CD(z)
∼= M22 acts 3-transitively on W −{〈z〉} = N2 of length 22. Therefore
D is 4-transitive on W and D ∼= M23. Since CY (F )  X we get that CY (F ) = 1. Since Out(M23) = 1
(see [AT, page 71]) we get that NY (D) = D . This gives us that Y is a transitive extension of D and so
Y ∼= M24. Now (i) holds and (ii) follows from (i) and [As2, Lemma 22.1] and the lemma is proved. 
Lemma 4.3.
(i) NG(M) contains a Sylow 2-subgroup of G and NG(M) controls the fusion in M with respect to G. Thus z
and d are not conjugate in G and d is a 2-central involution in G.
(ii) O 2(CG (d)) is an extraspecial group of order 213 and CG(d)/O 2(CG(d)) ∼= 3U4(3) : 2.
Proof. By Lemma 4.2(i) and Lemma 3.4(ii), we get that z is a non-2-central involution in G . Let
1 	= r ∈ G be a 2-central involution. We may assume that CG(r) contains a Sylow 2-subgroup of CG(z).
By Lemma 3.4(i) and [AT, page 115], we get that O (CG (A, r)) = 1. Also by Lemma 3.4(ii) and [AT,
page 163], we get that O (CG (z, r)) = 1. This and coprime action give us that O (CG (r)) = 1. We note
that as z ∈ M , by Lemma 3.4(ii) and [AT, page 163], we get that CG(M, z) = M . Hence CG(M) = M .
Now by Lemma 4.2(i), (ii), [Re, Theorem B], we get that the groups G and NG(M) satisfy the con-
ditions of Theorem B in [Re]. Of course G 	= NG(M) and so (i) follows from [Re, Lemma 3 and the
corollary after Lemma 3]. Also by [Re, Lemmas 4, 8 and 9], we get that O 2(CG(d)) is an extraspecial
group of order 213, O (CG(d)/O 2(CG(d))) is of order 3 and either CG(d)/O 2(CG (d)) ∼= 3U4(3) : 2 or
CG (d)/O 2,2′ (CG(d)) ∼= Aut(M22). Since by Lemma 3.2(ii), |CG(d)|3  37, we get that O 2(CG(d)) is an
extraspecial group of order 213 and CG(d)/O 2(CG (d)) ∼= 3U4(3) : 2 and the lemma is proved. 
Lemma 4.4. d is not weakly closed in O 2(CG(d)) with respect to G.
Proof. Set K = CG(d) and let O = O 2(K ). We have M  K and |M ∩ O | 27. Since 2-rank of U4(3)
is 4 (see [AT, page 52]), we get that |O ∩ M| = 27. This gives us that (M ∩ O ) has 127 involutions.
On the other hand by [As2, Lemma 28.20(6)] we get that under the action of K/O on involutions
in O −d we have two orbits L and I of lengths 126 and 567, respectively. Since M is not normal in K
we get that M has an involution f from orbit I . This gives us that a Sylow 3-subgroup of CG (d, f ) is
of order 9. By this, Lemma 3.4(ii) and [AT, page 162], we get that f is not conjugate to z in G and
therefore f is conjugate to d in G and the lemma is proved. 
Now we can prove Theorem 1.1.
Proof of Theorem 1.1. By Lemma 4.3(ii), O 2(CG (d)) is an extraspecial group of order 213 and
CG (d)/O 2(CG(d)) ∼= 3U4(3) : 2. By Lemma 4.4 we have d is not weakly closed in O 2(CG(d)) with
respect to G . Now by [As2, Theorem 34.1], we conclude that G ∼= Fi′24 and the theorem is proved. 
Proof of Corollary 1.2. We adopt the notations D , D1, D2 as in Corollary 1.2. Set D12 = D1 ∩ D2,
L = O 3(D2) and let Z(O 3(D1)) = 〈α〉. We have D12/O 3(D12) ∼= U4(2) : 2. Since the order of a maxi-
mal elementary abelian subgroup in O 3(D1) is 36 and L and O 3(D1) are two subgroups of O 3(D12)
we get that |O 3(D1)∩ L| = 36 and D12/O 3(D1) has shape (3×U4(2)) : 2. By Lemma 2.2(vi), (ii), there
is an elementary abelian subgroup U1 of order 16 in O 2(D12) such that O 2(ND1 (U1)O 3(D1)/O 3(D1))
is a special group of order 28 with center U1O 3(D1)/O 3(D1) and ND1 (U1)O 3(D1)/O 3(D1) is an ex-
tension of O 2(ND1 (U1)O 3(D1)/O 3(D1)) by (3× A5) : 2. By Lemma 2.2(iv), there are some elementary
abelian subgroups V  U1  CD12 (α) of order 4 such that all involutions in V are non-2-central
in D1 and all such subgroups of U1 are conjugate in D1. If we show that 〈α〉 is not weakly closed
in CD1 (V ) with respect to CD(V ) then the corollary follows from Theorem 1.1. So it is enough to
show that 〈α〉 is not weakly closed in CD1 (V ) with respect to CD(V ). By Lemma 2.4, we get that
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by an element of order 2 and a Sylow 2-subgroup of CD12 (V ) is nonabelian. Now by Lemma 2.5(iv),
we get that |CD2/L(V )|  26. Since CL(V ) is CD2 (V )/CL(V )-invariant, |CD2/L(V )| > |CD12/L(V )| and
α ∈ CL(V ), we get 〈α〉 is not weakly closed in CL(V ) with respect to CD2 (V ). As L  D1, we have
shown that 〈α〉 is not weakly closed in CD1 (V ) with respect to CD(V ) and the corollary holds. 
Remark. In Theorem 1.1 we could replace H1/R ∼= U5(2) : 2 by some 2-local information about
U5(2) : 2. In fact to prove Theorem 1.1 we have just used some 2-local information about H1/R . But
we should remark that all 2-local information which is used about H1/R identify U5(2) : 2 (see [Sm]).
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